Abstract. Let f be an arithmetical function. A set S = {x 1 , .
of Smith, Apostol, McCarthy, Bourque and Ligh to certain classes of arithmetical functions.
Let S = {x 1 , . . . , x n } be a set of n distinct positive integers. Denote by (f (x i , x j )) the n × n matrix having f evaluated at the greatest common divisor (x i , x j ) of x i and x j as its i, j-entry, and by (f [x i , x j ]) the n × n matrix having f evaluated at the least common multiple [x i , x j ] of x i and x j as its i, j-entry. The set S is said to be factor closed if it contains every divisor of x for any x ∈ S. From Bourque and Ligh's result [7, Theorem 4] , we can see that if S is a factor closed set and f is a multiplicative function such that f ∈ L S , where L S is the class of arithmetical functions defined by
where Z * := Z\{0} denotes the set of nonzero integers and lcm(S) means the least common multiple of all elements in S, then the matrix (f (x i , x j )) divides the matrix (f [x i , x j ]) in the ring M n (Z) of n × n matrices over the integers. Observe that the condition f ∈ L S of [7, Theorem 4] was stated as f ∈ T S := {f : (f * µ)(x) ∈ Z * for any x ∈ S}. In fact, we can easily show that if S is factor closed and f is multiplicative, then f ∈ L S if and only if f ∈ T S .
Many generalizations of Smith's result in various directions have been published [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] 16] . Our main interest in the present paper is in the divisibility of the matrix (f [x i , x j ]) by (f (x i , x j )). We introduce the following concept: The set S is said to be multiple closed if y ∈ S whenever x | y | lcm(S) for any x ∈ S. For example, S = {2, 3, 6, 10, 15, 30} is multiple closed. It is obvious that if S is multiple closed, then max(S) = lcm(S) and so x | max(S) for any x ∈ S, where max(S) denotes the largest element in S. We have the following natural and interesting question. Problem 1.1. Let S = {x 1 , . . . , x n } be a multiple closed set and let f be a multiplicative function such that f ∈ L S . Does the matrix (f (
In this paper, we will associate a class C S of arithmetical functions with any set S of distinct positive integers (see Definition 4.1 below; note that L S ⊆ C S ) and show that for f ∈ C S the matrices (f (x i , x j )) and (f [x i , x j ]) are integral. We find, surprisingly, that the answer to Problem 1.1 is negative. We will construct a counterexample in Section 2. However, for f completely multiplicative, the answer is affirmative (see Theorem 4.5 below).
The set S = {x 1 , . . . , x n } is said to be a divisor chain if x i | x j for all 1 ≤ i ≤ j ≤ n. We will show that for any arithmetical function f ∈ C S such that there exists an integer
As a corollary, we show that for any completely multiplicative function f
But such a factorization is no longer true if f is just multiplicative.
Throughout this paper, given any set S of distinct positive integers let m = lcm(S). Then m = max(S) if S is multiple closed. We let Z and Z + denote the sets of integers and of positive integers, respectively. As usual, for x ∈ Z + and a prime p, let v p (x) denote the p-adic valuation of x, i.e. v p (x) is the largest integer such that p
2. A counterexample to Problem 1.1. In this section, we give an example to show that the answer to Problem 1.1 is negative. Define 
. This answers negatively Problem 1.1. i , x j ) ). In 1993, Bourque and Ligh gave a formula for the inverse of the matrix (f (x i , x j )) when S is factor closed as follows.
Inverse of (f (x

Lemma 3.1 ([5]). Let f be an arithmetical function and S
, where
.
In what follows we calculate the inverse of the matrix (f (x i , x j )) when S is a multiple closed set. First we need the following definition. , is defined by mS 
Proof. First we have
Since f is completely multiplicative and f (m) = 0, it follows that
Therefore the result follows immediately.
Remark 1. Lemma 3.4 is not true if f is not completely multiplicative.
Now we can give the main result of this section, which will be needed in the next section. 
Proof. Define a set T = {y 1 , . . . , y n } as follows:
. Since S is multiple closed, T is factor closed by Lemma 3.3. On the other hand, by Lemma 3.1 we have
Since f is a completely multiplicative function such that f (m) = 0 and each x i divides m, it follows that f (x i ) = 0 for all 1 ≤ i ≤ n. It then follows from Lemma 3.4 and (2) that
as desired.
The multiple closed case.
In this section we will first associate a class C S of arithmetical functions with any set S of distinct positive integers and show that for f ∈ C S the matrices (f (x i , x j )) and (f [x i , x j ]) are integral. 
Clearly L S ⊂ C S . Therefore C S is not empty. 
Proof. This lemma is a simple consequence of the Möbius inversion formula.
Therefore f * g ∈ C S and thus the class C S is closed with respect to Dirichlet convolution.
Next we prove two lemmas on completely multiplicative functions. 
Proof. Since g(xy) = g(x)g(y)
for all co-prime integers x, y at which f does not vanish, it suffices to establish the assertion in the case of a = p r with p prime, r ∈ Z
), and since f is completely multiplicative we deduce
Proof. Since x | z and y | z, we have (x, y)z = xy(z/x, z/y). But f is completely multiplicative, and so the result follows immediately.
Since L S ⊂ C S , it follows immediately from Lemma 4.2(ii) that for any set S and any f ∈ L S , we have (f (
, so we can consider the divisibility of the two matrices in the ring M n (Z). Now we are in a position to give the first main result of this paper. 
Proof. Since f (m) = 0 and f is completely multiplicative, it follows that
Clearly we need to show c ij ∈ Z for all 1 ≤ i, j ≤ n. By Theorem 3.5, for 1 ≤ i, j ≤ n we have
Fix l with 1 ≤ l ≤ n and
. So by Lemma 4.4 we have (4)
Since f is completely multiplicative, by Lemma 4.3 applied to the last sum in (4), it follows from (3) and (4) and Lemma 4.4 that
